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We study the Markovian dynamics of a collection of n quantum systems coupled to an irre-
versible environmental channel consisting of a stream of n entangled qubits. Within the framework
of repeated quantum interactions, we derive the master equation that describes the dynamics of
the composite quantum system. We investigate the evolution of the joint system for two-qubit
environments and find that (1) the presence of antidiagonal coherences (in the local basis) in the
environment is a necessary condition for entangling two remote systems, and (2) that maximally en-
tangled two-qubit baths are an exceptional point without a unique steady state. For the general case
of n-qubit environments we show that coherences in maximally entangled baths (when expressed in
the local energy basis), do not affect the system evolution in the weak coupling regime.
PACS numbers: 03.65.Yz, 03.65.Aa, 42.50.Dv, 42.50.-p,03.65.Ud
I. INTRODUCTION
Open quantum systems are the subject of extensive
research since physical quantum systems cannot be en-
tirely isolated from their surroundings. The influence of
the environment often manifests as unwanted noise that
can thwart attempts to exploit intrinsic quantum proper-
ties for quantum computing, communication, and metrol-
ogy [1]. Open systems tend to lose their key quantum
properties—coherence and entanglement—as they inter-
act with the environment. This is not inevitable, how-
ever, and much research has focused on engineered en-
vironments [2] for various tasks including quantum com-
puting [3–5] and the generation of novel steady states [6–
8]. This can be achieved through a combination of precise
structuring of system-bath interactions and preparation
of the environment in particular states.
One can take many approaches to the description of
open quantum systems. In standard quantum optical
treatments, the electromagnetic field serves as the envi-
ronment [9–11], and the dynamics of the reduced quan-
tum states is given by a master equation (ME) after the
environmental degrees of freedom are traced out. An al-
ternative approach is that of repeated quantum interac-
tions [12–14], also called collision models [15–19], which
treats the system-environment coupling discretely. The
environment is comprised of a chain of identical and in-
dependent quantum ancillae which sequentially couple
to the system and are then traced out. Taking a con-
tinuous limit [20], the resulting dynamical map on the
reduced system state becomes a ME. This formalism has
been applied in the context of quantum thermodynamics
∗ sh.daryanoosh@gmail.com
FIG. 1. (Color online). Conceptual diagram of the physical
model where a stream of entangled qubits sequentially inter-
acts with separate quantum systems. Shown here is the case
of n = 2 qubits.
[21–25], as well as quantum optics and information [26].
The framework of repeated quantum interactions has
also proven useful for the study of correlated quantum
channels [17, 27, 28]. When the ancillae are entangled,
the reduced-state dynamics can exhibit non-Markovian
behavior [18, 29], such as propagating single-excitation
states [30].
In this article we consider a correlated environment
that interacts with many quantum systems simultane-
ously. The environment consists of a stream of n ancilla
qubits, each coupled to its own system. The n qubits ar-
rive entangled with one another at each interaction time,
but they are not entangled across different times, which
allows us to derive a Markovian ME for the joint state
of the quantum systems. Depending on the state of the
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2qubits, the ME can generate non-trivial dynamics of the
reduced systems. This provides the tools to tackle the
problem of converting coherences and/or entanglement
in the environment into quantum correlations in the sys-
tem [31–33]. Accordingly, we analyze in detail the ped-
agogical case of n = 2 qubits in the bath, which can be
prepared as a stream of entangled states, as it provides
the canonical method for transferring qubit entanglement
to system entanglement. When the bath is prepared ar-
bitrarily close to a maximally entangled state, the system
is driven to an entangled pure state, such as a two-mode
squeezed state for the case of two optical cavities. Sur-
prisingly, if the qubit bath is exactly in a Bell state, the
system fails to converge to a unique steady state. For
n-qubit baths (n > 2), we find that for certain multi-
qubit entangled environments such as baths prepared in
X-states (which have nonzero elements only on the di-
agonal and antidiagonal entries of the state matrix when
expressed in the local energy basis) [34, 35], the bath en-
tanglement cannot be transferred to the systems, as a
direct consequence of the weak-coupling limit
The manuscript is organized as follows. In Sec. II the
underlying framework behind our analysis is explained.
We first present and interpret the two-qubit bath ME
in Sec. III. We give two forms for the ME, which are
useful for pure-state and general mixed-state baths, re-
spectively. In Sec. V and Sec. IV we apply the formalism
to study the dynamics and steady states for two sets of
quantum system: optical cavities and two-level atoms.
The general case of an n-qubit bath is dealt with in
Sec. VI. Finally, in Sec. VII we summarize the findings
of this paper and propose future directions.
II. REPEATED INTERACTION WITH A BATH
OF n ENTANGLED QUBITS
We derive dynamical maps and master equations
within the structure of repeated quantum interactions
[12, 14, 24, 26]. In this formalism, a quantum system
in Hilbert space HS couples to an environment which is
comprised of a stream of identical and independent quan-
tum systems such that HE ≡
⊗
lH
(l)
E . We assume the
environment has infinitely many elements, although in
principle it can be finite. Each environmental element
sequentially interacts with the system over a short time
interval of duration ∆t = tl−tl+1 after which it no longer
interacts with the system. Tracing over the environmen-
tal degrees of freedom yields a map on the system of in-
terest in HS . This is similar to the standard scenario for
open systems in quantum optics where a bosonic probe
field interacts with the system in a continuous-in-time
manner [10]. However, the situation here is different
in two ways. First, the system-environment coupling
is fundamentally discrete, although we will ultimately
consider short-time interactions and take a continuous
limit [20, 36, 37]. Second, the environmental systems are
qubits rather than bosonic modes. This serves not only
to model physical situations where streams of qubits in-
teract with a fixed quantum system [38], but in addition
the results fit into the framework of quantum computing
and simulation [26].
For each interaction time interval ∆t the total Hilbert
space of the system plus the segment of the environment
interacting at that time is H = HS ⊗ H (l)E , and the
Hamiltonian is
Hˆ = Hˆ0 + Hˆ
(l)
I , (1)
corresponding to the bare Hamiltonians of the sys-
tem and of the environment, Hˆ0, and the the system-
environment interaction, Hˆ
(l)
I . We take the environment
to be comprised of a stream of entangled qubits with each
qubit coupled to its own quantum system, see Fig. 1.
That is, in each time interval ∆t, n entangled qubits in-
teract with n quantum systems, which themselves are
left arbitrary and can in general be remote from each
other. Note that the bath qubits within a single time in-
terval are entangled, but they are not entangled between
time intervals. This type of environmental entanglement
drives non-Markovian dynamics [27, 30, 39–41] and will
be treated separately.
Each subsystem interacts with its respective qubit via
a coupling operator cˆj . The bare and interaction Hamil-
tonians in the rotating wave approximation are
Hˆ0 =
n∑
`=1
(
ω`cˆ
†
` cˆ` + ωE` σˆ
†
` σˆ`
)
, (2)
Hˆ
(l)
I =
n∑
`=1
λ`
(
cˆ`σˆ
†
` + cˆ
†
`σˆ`
)
, (3)
where ω` and ωE` are the respective transition frequencies
of the subsystems and the bath qubits, λ` is the coupling
strength between the `-th subsystem and its qubit, and
the bath qubit lowering operator is σˆ` = |g〉`〈e|. In the
interaction picture with respect to the bare Hamiltonian,
Hˆ0, the joint unitary evolution is generated by the time-
dependent Hamiltonian,
Hˆ
(l)
I (∆t) =
n∑
`=1
λ`
(
cˆ†`σˆ`e
−iδ`∆t + H.c.
)
, (4)
where δ` := ωE` − ω` is the detuning. The detuning is
included here for completeness; henceforth, we focus our
attention to resonant system-qubit interactions, δ` = 0.
From the interaction, one models a specific reservoir by
selecting a particular state for the environmental qubits.
Investigating situations where the bath qubits are entan-
gled is the focus of this article.
A dynamical map for the joint state of the n fixed
quantum systems is found by tracing out the the envi-
ronmental qubits after the interaction, Uˆ
(l)
I , generated
by the Hamiltonian in Eq. (4). At each time interval the
incoming bath qubits and the quantum systems are as-
sumed to be in a product state, so the dynamical map is
3completely-positive and trace-preserving. Assuming that
only one qubit interacts with each system in an interac-
tion time and the joint state of the n-qubit environment
interacting in the time interval is ρˆE , the dynamical map
is given by
ρˆ(tl+1) = TrE
[
Uˆ
(l)
I
(
ρˆ(tl)⊗ ρˆ(l)E
)
Uˆ
(l)
I
†
]
. (5)
The fact that each set of n qubits, described by ρˆE , is
independent from other sets means that this dynamical
map is Markovian (i.e. arises from a memoryless envi-
ronment). This is because the joint state of the input
environment is a tensor product state across interaction
time intervals, ΨˆE ≡
⊗
l ρˆ
(l)
E [41]. Thus, the dynamical
map at every subsequent time interval is of the form of
Eq. (5), using the system state from the previous time in-
terval and a fresh environmental state ρˆE . From now on,
for the ease of notation we drop the explicit superscripts
for the system and environment state unless confusion
could arise.
III. MASTER EQUATIONS FOR TWO-QUBIT
BATHS
In this section we focus on two-qubit baths as the
quintessential extension of the single-qubit baths that
are typically studied [22, 24–26, 30]. Two-qubit baths
can exhibit nonclassical correlations including maximal
entanglement. We investigate how two-qubit baths mod-
ify correlations between two remote subsystems—optical
cavities in Sec. IV and two-level atoms in Sec. V. Rather
than using the discrete dynamical maps in Eq. (5), we
take a continuous-time limit and describe the reduced-
state dynamics by a Markovian ME.
A ME can be derived from Eq. (5) under a set of
standard assumptions. First, each environmental qubit
spends the same amount of time ∆t interacting with its
local system. Second, the rotating wave approximation,
which has already been made in Eq. (4), requires that
the interaction time is long in comparison to the system’s
characteristic time ω`∆t 1. Third, the Markov condi-
tion requires that the n-qubit environment in each time
interval is independent of other intervals. Finally, the
system-bath coupling is weak λ` < ω` while λ`∆t  1.
In the weak-coupling regime the unitary time-evolution
operator is expanded up to second order in ∆t,
Uˆ
(l)
I = e
−iHˆ(l)I ∆t (6a)
= 1ˆSE − iHˆ(l)I ∆t−
1
2
(Hˆ
(l)
I )
2∆t2 + O(∆t3).(6b)
Let us assume that in each time interval the two bath
qubits are prepared in the pure state ρˆE = |ψE〉〈ψE |,
where
|ψE〉 = bee|ee〉+ beg|eg〉+ bge|ge〉+ bgg|gg〉, (7)
and the coefficients satisfy
bjk ∈ C, and
∑
j,k∈{e,g}
|bjk|2 = 1. (8)
We insert Eq. (6b) into the dynamical map for the re-
duced system state, Eq. (5), and then evaluate the terms
under the two-qubit bath state in Eq. (7). The ME in
Eq. (9), which describes the continuous limit of repeated
quantum interactions, then arises in the limit of infinitesi-
mal interaction, ∆t→ dt. This calculation, whose details
can be found in Appendix A, yields the following master
equation (~ = 1), for the reduced state ρˆ:
˙ˆρ(t) = −i[Hˆeff1 + Hˆeff2 , ρˆ] +
4∑
m=1
D[Lˆm]ρˆ (9)
where the effective Hamiltonians are
Hˆeff1 = λ1(bggb
∗
eg + bgeb
∗
ee)cˆ1 + H.c., (10a)
Hˆeff2 = λ2(begb
∗
ee + bggb
∗
ge)cˆ2 + H.c., (10b)
the jump operators are
Lˆ1 =
√
γ1bggcˆ1 +
√
γ2beecˆ
†
2, (11a)
Lˆ2 =
√
γ1beecˆ
†
1 +
√
γ2bggcˆ2, (11b)
Lˆ3 =
√
γ1bgecˆ1 +
√
γ2begcˆ2, (11c)
Lˆ4 =
√
γ1begcˆ
†
1 +
√
γ2bgecˆ
†
2, (11d)
and the Lindblad superoperator is defined as
D[oˆ]ρˆ = oˆρˆoˆ† − 12{oˆ†oˆ, ρˆ}+, (12)
with {Aˆ, Bˆ}+ = AˆBˆ + BˆAˆ. The relative rates are given
by γ` = |λ`|2∆t.
The master equation generates both coherent dynam-
ics and incoherent dynamics in the reduced system state
ρˆ(t). The Hamiltonian terms in Eq. (10) arise from co-
herences within each separate bath qubit. The coherent,
unitary dynamics they generate are analogous to coher-
ent driving [10]. Simultaneously, the quantum system un-
dergoes correlated dissipation as described by the jump
operators in Eq. (11). Each jump operator drives a dis-
sipative process given by combinations of loss (cˆ`) and
heating (cˆ†`) across subsystems 1 and 2.
Interestingly, the jump operators (11) are determined
by the state in two two-dimensional subspaces of the
qubit bath, spanned by either {|gg〉, |ee〉} or {|ge〉, |eg〉}.
Equivalently, each subspace is spanned by two Bell states.
Populations and coherences within subspace {|gg〉, |ee〉}
contribute to jump operators Lˆ1 and Lˆ2, and similarly
populations and coherences within subspace {|ge〉, |eg〉}
contribute to jump operators Lˆ3 and Lˆ4. Coupling be-
tween the subspaces is due to certain single-qubit co-
herences that manifest in the effective Hamiltonians in
Eq. (10).
4A. Unentangled bath qubits
An elementary situation is the case of unentangled
bath qubits, |ψE〉 = |ψ1〉 ⊗ |ψ2〉. Consider uncorrelated
bath qubits, both in the ground state, bgg = 1. The
result is the typical ME for independent loss on each
subsystem through the jump operators Lˆ1 =
√
γ1cˆ1 and
Lˆ2 =
√
γ2cˆ2, with Lˆ3 = Lˆ4 = 0. The situation becomes
more complicated if either bath qubit contains excitation.
In this case the ME can involve all four jump operators
in Eq. (11) even when the two bath qubits are uncorre-
lated. Consider the case where each qubit is in the state
|ψ`〉 = α`|g〉 + β`|e〉 with |α`|2 + |β`|2 = 1, and with
no initial subsystem correlations, ρˆ = ρˆ1 ⊗ ρˆ2. The ME
becomes
˙ˆρ(t) =− i[Hˆeff1 , ρˆ1]⊗ ρˆ2 − i ρˆ1 ⊗ [Hˆeff2 , ρˆ2] (13)
+
∑
`=1,2
γ`
(|α`|2D[cˆ`] + |β`|2D[cˆ†`])ρˆ1 ⊗ ρˆ2
−√γ1γ2[Hˆeff1 , ρˆ1]⊗ [Hˆeff2 , ρˆ2],
with effective Hamiltonians (for ` = 1, 2),
Hˆeff` = λ`α`β
∗
` cˆ` + H.c. (14)
The first two lines describes the independent evolution
of each subsystem, as would be expected if one were to
separately derive and add together the ME for each sub-
system. Here the ME contains an additional term in the
final line. It describes a classically correlated coherent
driving of the two subsystems, but it does not generate
entanglement and preserves the separable structure of the
joint state, ρˆ(t) = ρˆ1(t)⊗ ρˆ2(t). Further, tracing over ei-
ther subsystem gives the expected single-subsystem ME.
Note that this term does not appear in typical bosonic
MEs due to vanishing bath correlation functions.
B. Bath qubits in a general state
While the master equation in Eq. (7) was derived for
a two-qubit bath in a pure state, it is also valid for the
environment in a general two-qubit state,
ρˆE =
∑
j,k
∑
j′,k′
bjk,j′k′ |jk〉〈j′k′|, (15)
with indices j, k, j′, k′ ∈ {e, g}. In order to show the
correspondence we transform the ME into another useful
form by expanding Eq. (9) and collecting terms according
to coefficients, we get
˙ˆρ(t) = −i[Hˆeff1 + Hˆeff2 , ρˆ] (16)
+
2∑
`=1
γ↓,`D[cˆ`]ρˆ+
2∑
`=1
γ↑,`D[cˆ†`]ρˆ
+ γ↓↓ S[cˆ1, cˆ2]ρˆ+ γ∗↓↓ S[cˆ†1, cˆ†2]ρˆ
+ γ↓↑ S[cˆ1, cˆ†2]ρˆ+ γ∗↓↑ S[cˆ†1, cˆ2]ρˆ.
We have defined a superoperator,
S[oˆ1, oˆ2]ρˆ := oˆ1ρˆoˆ2 + oˆ2ρˆoˆ1 − 12{oˆ1oˆ2 + oˆ2oˆ1, ρˆ}+, (17)
that is symmetric in the arguments. The coefficients in
Eq. (16) are given by
γ↓,1 = γ1
( |bgg|2 + |bge|2 ), (18a)
γ↑,1 = γ1
( |bee|2 + |beg|2 ), (18b)
γ↓,2 = γ2
( |bgg|2 + |beg|2 ), (18c)
γ↑,2 = γ2
( |bee|2 + |bge|2 ), (18d)
γ↓↓ =
√
γ1γ2 bggb
∗
ee, (18e)
γ↓↑ =
√
γ1γ2 bgeb
∗
eg. (18f)
The first four coefficients in Eqs. (18a-18d) are positive
and can be interpreted as rates. The final two Eqs. (18e)
and (18f) are complex and the superoperator terms that
they multiply may in general interfere with other terms
including the local dissipators. This is indeed a conse-
quence of Eq. (16) not being in diagonal form with re-
spect to the jump operators. For a general state of the
two-qubit bath, Eq. (15), we replace the coefficients in
Eq. (18) according to
bjl b
∗
j′l′ → bjl,j′l′ ,
and use these coefficients in the ME given in Eq. (16).
The MEs in Eq. (9) and Eq. (16) are identical, but each
may be more useful for certain calculations.
IV. TWO REMOTE CAVITIES: TWO-MODE
SQUEEZING
A stream of qubits interacting with a harmonic oscil-
lator is the prototype for a variety of tasks. For example,
two-level Rydberg atoms interacting with an ultra-high-
finesse microwave cavity, have been used for quantum
nondemolition measurements of photon number [38] and
stabilization of Fock states in the cavity [42]. We consider
here the natural extension of this system to two remote
cavities [33, 43, 44]. Each subsystem is a single-mode cav-
ity with mode operators aˆ` and aˆ
†
m that satisfy canonical
commutation relations, [aˆ`, aˆ
†
m] = δ`m. We now consider
an arbitrary two-qubit bath state in the two-dimensional
subspace spanned by {|gg〉, |ee〉},
|ψE〉 = bgg|gg〉+ bee|ee〉. (19)
That is, the coefficients in Eq. (7) take values beg = bge =
0, while |bgg|2 + |bee|2 = 1. For simplicity each cavity
couples to its respective stream of bath qubits with the
same rate (λ1 = λ2) via an interaction that exchanges
excitations, which corresponds to cˆ` → aˆ`. Thus the ME
in Eq. (9) has Lˆ3 = Lˆ4 = 0 and
Lˆ1 =
√
γ
(
bggaˆ1 + beeaˆ
†
2
)
, (20a)
Lˆ2 =
√
γ
(
bggaˆ2 + beeaˆ
†
1
)
, (20b)
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FIG. 2. (Color online) Dissipative preparation of a two-
mode squeezed vacuum state across two remote cavities. The
joint cavity state, initially prepared in two-mode vacuum,
evolves under the ME in Eq. (9) with jump operators given
by Eq. (20). The associated squeezing parameter r is re-
lated to the bath qubit coefficients, see Eq. (23). For the
plotted values of r, the ground state coefficient magnitudes
are |bgg| ≈ {0.908, 0.796, 0.720, 0.709, 0.707} and the squeez-
ing angle is set to ϑ = 0. Smaller |bgg| corresponds to larger
squeezing and infinite squeezing to |bgg| = 1/
√
2. (a) Fi-
delity of the state with the two-mode squeezed vacuum state
Eq. (26) for various values of r. (b) Time at which the fidelity
surpasses 0.98 as a function of the squeezing parameter r.
reminiscent of two-mode squeezing transformation.
The connection to two-mode squeezing can be made
explicit under certain conditions. When |bgg| > 1/
√
2 we
can define a strictly positive effective rate given by the
population difference,
Γ := γ
(|bgg|2 − |bee|2) . (21)
Then, the jump operators can be rewritten as
Lˆ1 =
√
Γ
[
cosh(r)aˆ1 + e
iϑ sinh(r)aˆ†2
]
, (22a)
Lˆ2 =
√
Γ
[
cosh(r)aˆ2 + e
iϑ sinh(r)aˆ†1
]
, (22b)
where the squeezing amplitude r is related to the coeffi-
cients via the relations,
cosh(r) =
|bgg|√|bgg|2 − |bee|2 . (23)
The squeezing angle ϑ is given by the phase of bee relative
to bgg. Preparing the qubit bath in a maximally entan-
gled state, |bgg| = 1/2, is the limit of infinite squeezing,
r → ∞. The jump operators are explicitly given by a
two-mode squeezing transformation on the cavity anni-
hilation operators, Lˆ` =
√
ΓSˆaˆ`Sˆ
†, where the unitary,
two-mode squeezing operator is [45, 46]
Sˆ = eζ
∗aˆ1aˆ2−ζaˆ†1aˆ†2 , (24)
with complex squeezing parameter ζ = reiϑ. The trans-
formation is in the Schro¨dinger-picture because the jump
operators are nullifiers [47, 48] of the two-mode squeezed
vacuum state. This can be seen directly by transforming
the action of the annihilation operators,
aˆ`|0〉2 = 0→ Sˆaˆ`Sˆ†Sˆ|0〉2 ∝ Lˆ`|r, ϑ〉2 = 0, (25)
where the two-mode squeezed vacuum state is
|r, ϑ〉2 := Sˆ|0〉2. (26)
Thus, the steady state of the ME is a pure, Gaussian,
two-mode squeezed vacuum state |r, ϑ〉2 with squeezing
that depends on the qubit-bath coefficients. The dy-
namical preparation of |r, ϑ〉2 from a two-mode vacuum
state is shown for various values of the squeezing param-
eter r in Fig. 2(a). The state is dissipatively cooled via
interaction with the two-qubit bath towards the steady
state, details can be found in Appendix B. We quantify
the approach to |r, ϑ〉2 with the Uhlmann-Jozsa fidelity,
which can be calculated from the covariance matrix. As
r is increased, the effective rate Γ decreases according to
Eq. (21). That the time to approach the steady state
|r, ϑ〉2 increases exponentially with the squeezing param-
eter r—see Fig. 2(b)—is unsurprising, since more highly
squeezed states contain more energy.
In the opposite regime, where |bgg| < 1/
√
2, there is
no unitary Bogoliubov transformation that transforms
the operators aˆj while maintaining the canonical com-
mutation relations. Nevertheless, the jump operators
in Eq. (20) may be written similarly to Eq. (22) with
the roles of cosh(r) and sinh(r) reversed. Because
| cosh(r)/ sinh(r)| > 1, the jump operators contain a
larger proportion of aˆ†` than aˆ`, and the incoming two-
qubit environment is more likely to transfer energy to
the subsystems than to remove it. In this case the ME
serves as an incoherent amplifier. In the following sec-
tion we will investigate this parameter regime as well as
the “exceptional points” where the bath is prepared in a
maximally entangled state such as a Bell state.
Note that for the case with coefficients bgg = bee =
0 does not lead to the same dynamics even though the
amount of entanglement in the bath can be the same. In
this case Lˆ1 = Lˆ2 = 0 and the resulting master equation
just has dissipative terms not related to squeezing.
6V. TWO REMOTE TWO-LEVEL ATOMS
INTERACTING WITH A BELL-STATE BATH
In this section we investigate the repeated interaction
between two remote two-level subsystems and a stream
of maximally entangled bath qubits. The subsystems are
taken to be identical, each described by a bare Hamil-
tonian Hˆ` =
ω0
2 σˆz,`, where ω0 is resonant with the bath
qubit frequency, δ` = ωE` − ω0 = 0. The interaction be-
tween each subsystem and its bath qubit is an excitation
exchange described by a lowering operator, cˆ` → σˆ`. To
avoid confusion, we henceforth refer to the bath as qubits
and the subsystems as atoms, with the understanding
that the bath qubits could indeed be physically mani-
fested as a stream of entangled atoms.
A. Bath qubits in a pure Bell state
We first consider a maximally entangled two-qubit
bath state in the subspace {|gg〉, |ee〉},
|ψE〉 = 1√
2
(
|ee〉+ eiφ|gg〉
)
, (27)
such that the Bell states |Φ+E〉 and |Φ−E〉 are given by φ =
(0, pi), respectively. That is, the coefficients in Eq. (7)
take values bee = 1/
√
2 and bgg = e
iφ/
√
2 while beg =
bge = 0. For simplicity we set λ1 = λ2 = λ corresponding
to decay rate γ, which yields the ME:
˙ˆρ(t) =
γ
2
(
D
[
σˆ1 + e
iφσˆ†2
]
ρˆ+D
[
eiφσˆ†1 + σˆ2
]
ρˆ
)
. (28)
The joint state of the atomic subsystems is initialized in
the arbitrary state
ρˆ0 =
∑
j,k
∑
j′,k′
ρ0jk,j′k′ |jk〉〈j′k′|, (29)
where the sums run over {g, e}.
1. Bath qubits in |Φ+E〉
First, we consider the case where the bath qubits are
prepared in the Bell state, |Φ+E〉, given by φ = 0 in
Eq. (27). In the long-time limit, t → ∞, the steady
state of the two-atom system is given by
ρˆss =

ρssee,ee 0 0 ρ
ss
ee,gg
0 ρsseg,eg 0 0
0 0 ρssge,ge 0
ρss
∗
ee,gg 0 0 ρ
ss
gg,gg
 , (30)
where the steady-state matrix elements are related to the
initial-state matrix elements by
ρssee,ee =
1
3
[
ρ0ee,ee + ρ
0
gg,gg − ρ0ee,gg + 12ρ0eg,eg + 12ρ0ge,ge
]
,
ρsseg,eg =
1
3
[
1
2ρ
0
ee,ee +
1
2ρ
0
gg,gg + ρ
0
ee,gg + ρ
0
eg,eg + ρ
0
ge,ge
]
,
ρssge,ge = ρ
ss
eg,eg,
ρssgg,gg = ρ
ss
ee,ee,
ρssee,gg = − 16
[
ρ0ee,ee + ρ
0
gg,gg − 4ρ0ee,gg − ρ0eg,eg − ρ0ge,ge
]
.
Thus the atomic steady state is not unique; rather, the
ME has an invariant subspace. A particular steady-state
within this invariant subspace depends on the initial state
[49].
The steady state of the joint atomic system can exhibit
non-classical correlations, identified by the negative par-
tial transpose criterion [50]. The partial transpose matrix
ρPTss , partitioned with respect to the subsystems, takes
the following form,
ρˆPTss =

ρssee,ee 0 0 0
0 ρsseg,eg ρ
ss
ee,gg 0
0 ρssgg,ee ρ
ss
ge,ge 0
0 0 0 ρssgg,gg
 . (31)
Negativity in the spectrum of ρˆPTss guarantees the pres-
ence of entanglement. We quantify the entanglement by
the logarithmic negativity [51],
LN(ρˆ) := log2
(
Tr
[√
ρˆ†PTρˆPT
])
, (32)
where LN(ρˆ) ∈ [0, 1] with the minimum value corre-
sponding to separable states and the maximum value to
maximally entangled states.
A particular steady state of interest is when the atomic
system is prepared in the Bell state |Φ−〉, whence it does
not undergo any decoherence via interaction with the
qubit bath, since it is already at the steady state. How-
ever, when the initial atomic state is |Φ+〉 the steady
state is the mixture,
ρˆss =
1
3
(|Φ+〉〈Φ+|+ |eg〉〈eg|+ |ge〉〈ge|) , (33)
with a positive partial transpose matrix, i.e. it has purely
positive eigenvalues ( 12 ,
1
6 ) with boldface indicating de-
generacy of order 3. A positive partial transpose is a
sufficient condition for separability of a two-qubit sys-
tem.
An interesting scenario is an initial joint atomic state,
ρˆ0(θ) = |ψ0(θ)〉〈ψ0(θ)|, that is a weighted sum of the two
Bell states,
|ψ0(θ)〉 = sin θ|Φ+〉+ cos θ|Φ−〉, (34)
for 0 ≤ θ ≤ pi/2. Beyond this range in θ, the entangle-
ment behavior repeats. Above we found that the maxi-
mally entangled state, ρˆ0(θ = 0) = |Φ−〉〈Φ−|, is a steady
state of the ME As θ deviates from zero, the contribution
from the antisymmetric Bell state diminishes. Beyond
7the critical point θc = pi/4 (|ψ0〉 = |ee〉) the effect of the
symmetric Bell state is dominant and the entanglement
vanishes, LN [ρˆss(θ ≥ θc)] = 0. At the critical point the
steady state is a two-atom Werner state [52],
ρˆss(θc) =
1
3
|Φ−〉〈Φ−|+ 1
6
1ˆS , (35)
which is separable. In fact, even after this point the
steady state is separable all the way to θ = pi/2, at which
point it is given by Eq. (33). The behavior is illustrated
in Fig. 3(a) where we plot logarithmic negativity as a
function of θ (dashed blue curve). Comparison with the
initial logarithmic negativity (light gray curve) reveals
that the Bell state environment preserves the initial sys-
tem entanglement up until θc despite the fact that the
state becomes mixed, Fig. 3(b).
2. Bath qubits in |Φ−E〉, |Ψ+E〉, or |Ψ−E〉
The situation where the bath is prepared in |Φ−E〉 pro-
ceeds similarly. In this case, the steady state has the
same form as Eq. (30) with the following substitutions:
ρ0ee,gg → −ρ0ee,gg, and ρssee,gg → −ρssee,gg. (36)
When the initial atomic state is parameterized as in
Eq. (34), the steady states for the extremal cases, θ =
(0, θc), are just as in Eq. (33) and Eq. (35), respectively,
with the roles of |Φ±〉 swapped. By varying θ in the in-
terval [0, θc], the antisymmetric Bell state is dominant,
the result of which is that the systems remain separable.
For the range θ > θc the symmetric Bell state, |Φ+〉 is
dominant in the initial atomic state, and the ME pre-
serves the initial entanglement. For θ = pi/2 the initial
state, ρ0(θ = pi/2) = |Φ+〉〈Φ+|, is a steady state.
Lastly, when the qubit environment is prepared in the
other subspace {|eg〉, |ge〉},
|ψE〉 = 1√
2
(
|eg〉+ eiφ|ge〉
)
, (37)
with Bell states |Ψ+E〉 and |Ψ−E〉 given by φ = {0, pi}, the
steady states have an analogous form. Table I summa-
rizes the results for comparison.
B. Bath qubits in a non-maximally entangled state
From the above analysis it may be inferred that the
existence of coherences in the environment is merely a
necessary condition for entangling the subsystems, even
though the cross terms in the master equation, Eq. (28),
might suggest otherwise, i.e. the generation of quantum
correlation among systems. We found that Bell-state
baths generate a ME without a unique steady state and,
depending on the initial atomic state, atomic entangle-
ment is either preserved or destroyed, but never created.
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FIG. 3. (Color online). Entanglement and purity of the
atomic state when the two-qubit bath is prepared in the |Φ+E〉
Bell state. The initial two-atom state ρˆ0(θ) is parameterized
by θ, Eq. (34). We also include plots for non-maximally en-
tangled atomic states, |Φ±()〉, that deviate from Bell states
by  = 0.001, Eq. (39). (a) Entanglement as quantified by the
logarithmic negativity, Eq. (32), for which LN(ρˆ) ≈ 1. (b)
State purity, Tr
[
ρˆ2
]
. Note that for θ < θc = pi/4, the gray
curve and dashed blue curve exactly coincide. That is, ini-
tial entanglement is preserved despite the fact that the state
becomes mixed. Beyond θc the steady state is no longer en-
tangled, and the minimum purity, 0.25, occurs at θ = pi/3.
Here we show that when the bath qubits are prepared
in a non-maximally entangled state that can be arbitrar-
ily close to a Bell state, the ME has a unique, entangled
steady state. Consider the bath in the following state
that slightly deviates from a maximally entangled state,
|ψE(φ, )〉 = 1√
2 + 
(
|ee〉+ eiφ√1 +  |gg〉
)
. (38)
The atomic steady state is highly entangled for all φ,
with logarithmic negativity, LN(ρˆ) ≈ 1 for 0 <   1.
This can be seen by considering the following approxi-
mate Bell states for the qubit bath:
|Φ+()〉 :=|ψE(0, )〉, (39a)
|Φ−()〉 :=|ψE(pi, )〉. (39b)
The corresponding atomic steady states are the pure
states, ρˆss = |Φ∓()〉〈Φ∓()|. The partial transpose ma-
trices ρˆPTss have respective eigenvalues(
1
2 + 
,
1 + 
2 + 
,
1
2
,−1
2
)
, (40)
that guarantee entanglement. The logarithmic negativity
of the steady states is shown in Fig. 3 for  = 0.001
(dotted red line).
8TABLE I. Summary of results when the environment is prepared in a Bell state or a state very close to a Bell state, |Φ±()〉,
Eq. (39), or |Ψ±()〉 ≡ (|eg〉 ± √1 +  |ge〉)/√2 +  parametrized by 0 <   1. The initial atomic state, Eq. (34), is
parameterized by θ, and numbers in bold indicate three-fold degeneracy in the eigenvalue. When the two-qubit environment
is exactly prepared in either of the two Bell states, the steady state ρˆss depends on the initial state ρˆ0 and the atoms remain
entangled only for some specific parameter regimes. However, for an environment initialized in |Φ±()〉 or |Ψ±()〉, the two
atoms can acquire nonclassical correlations arbitrarily close to maximally entangled states.
Two-qubit bath state
ρˆE
θ
Initial atomic state
ρˆ0(θ)
Steady state
ρˆss(θ)
Spectrum of ρˆPTss (θ)
|Φ+〉〈Φ+| 0 |Φ−〉〈Φ−| |Φ−〉〈Φ−| 1
2
(−1,1)
” θc =
pi
4
|ee〉〈ee| 1
6
1ˆS + 13 |Φ−〉〈Φ−| ( 12 , 16 )
” pi
2
|Φ+〉〈Φ+| 1
3
(|eg〉〈eg|+ |ge〉〈ge|+ |Φ+〉〈Φ+|) 1
3
(0,1)
|Φ−〉〈Φ−| 0 |Φ−〉〈Φ−| 1
3
(|eg〉〈eg|+ |ge〉〈ge|+ |Φ−〉〈Φ−|) 1
3
(0,1)
” θc |ee〉〈ee| 16 1ˆS + 13 |Φ+〉〈Φ+| ( 12 , 16 )
” θ
2
|Φ+〉〈Φ+| |Φ+〉〈Φ+| 1
2
(−1,1)
|Φ±()〉〈Φ±()| ∈ [0, pi
2
] |ψ0(θ)〉〈ψ0(θ)| |Φ∓()〉〈Φ∓()| ( 12+ , 1+2+ , 12 ,− 12 )
|Ψ+〉〈Ψ+| 0 |Ψ−〉〈Ψ−| |Ψ−〉〈Ψ−| 1
2
(−1,1)
” θc |eg〉〈eg| 16 1ˆS + 13 |Ψ−〉〈Ψ−| ( 12 , 16 )
” pi
2
|Ψ+〉〈Ψ+| 1
3
(|ee〉〈ee|+ |gg〉〈gg|+ |Ψ+〉〈Ψ+|) 1
3
(0,1)
|Ψ−〉〈Ψ−| 0 |Ψ−〉〈Ψ−| 1
3
(|ee〉〈ee|+ |gg〉〈gg|+ |Ψ−〉〈Ψ−|) 1
3
(0,1)
” θc |eg〉〈eg| 16 1ˆS + 13 |Ψ+〉〈Ψ+| ( 12 , 16 )
” θ
2
|Ψ+〉〈Ψ+| |Ψ+〉〈Ψ+| 1
2
(−1,1)
|Ψ±()〉〈Ψ±()| ∈ [0, pi
2
] |ψ0(θ)〉〈ψ0(θ)| |Ψ∓()〉〈Ψ∓()| ( 12+ , 1+2+ , 12 ,− 12 )
This behavior continues for the bath qubits far from
Bell states. In Fig. 4 we plot the negativity of the
atomic steady state for the two-qubit bath state given
by Eq. (19), with bee and bgg taken to be real.
For bee = {0,±1} the qubit bath state is separa-
ble, and as expected, the atoms relax to an uncorre-
lated steady state. As the entanglement in the bath
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FIG. 4. (Color online) Steady-state entanglement of two
remote atoms interacting with a two-qubit bath, quantified
by the logarithmic negativity LN(ρˆss). The qubit bath is
parameterized by Eq. (19) with bee and bgg taken to be real.
At the exceptional points, where the bath is prepared in a
Bell state, bee = ±1/
√
2 indicated by red and green dots, the
atomic steady-state is not unique. In this case, the steady-
state entanglement is a function of the initial atomic state
(see Fig. 3).
qubits increases, so does that of the atomic steady-state.
The logarithmic negativity approaches a limiting value
of LN(ρˆss) → 1 as the bath approaches a Bell state,
bee = lim→0±1/
√
2 + . Indeed, for each value of bee,
the atomic steady state has the same logarithmic nega-
tivity as is present in the two-qubit bath state, indicated
full distribution of environmental entanglement to the
atoms. As discussed in Sec. V A at bee = ±1/
√
2 (red
and green dots), where the environment is exactly in the
Bell states, the steady-state atoms can exhibit any value
of the logarithmic negativity, depending on their initial
state. Recall that a similar situation arose for the case
of two remote cavities in Sec. IV. We found that when
the bath qubits were prepared in the |Φ±E〉 Bell state, this
represented the limit of infinite squeezing for the cavities’
steady state.
VI. GENERAL CASE: MASTER EQUATIONS
FOR n-QUBIT ENVIRONMENTS
Our focus thus far has been on the system dynamics
and steady-state properties generated by two-qubit envi-
ronments. A natural question is: how does the evolution
differ when the environmental consists of more than two
qubits? In order to address this, we expand the formalism
presented in Sec. III to the case of n-qubit environments.
We present the ME for n-qubit environments and illus-
trate some key differences when going beyond two-qubit
9baths.
Let us now proceed by supposing that all approxima-
tions required for the ME derivation in Sec. III (Born-
Markov and weak-coupling) are applicable here as well.
At each interaction time interval the environment is pre-
pared in a general n-qubit state ρˆE . It is straightforward
to generalize the master equation derived for the two-
qubit environments, Eq. (16), to the n-qubit scenario.
Following the same procedure Eq. (6b) is substituted into
Eq. (5) so that the evolution of the joint n-system is de-
scribed by the following ME,
˙ˆρ(t) =
n∑
`=1
(
− i[Hˆeff` , ρˆ]+ γ↓,`D[cˆ`]ρˆ+ γ↑,`D[c†`]ρˆ)
+
∑
`<m
(
γ↓↓,`m S[cˆ`, cˆm] + γ↓↑,`m S[cˆ`, cˆ†m]
+ γ∗↓↑,`m S[cˆ†`, cˆm] + γ∗↓↓,`m S[cˆ†`, cˆ†m]
)
ρˆ, (41)
where
γ↓,` = γ`TrE
[〈g`|ρˆE |g`〉], (42a)
γ↑,` = γ`TrE
[〈e`|ρˆE |e`〉], (42b)
γ↓↓,`m =
√
γ`γmTrE
[〈g`, gm|ρˆE |e`, em〉], (42c)
γ↓↑,`m =
√
γ`γmTrE
[〈g`, em|ρˆE |e`, gm〉], (42d)
Hˆeff` = γ`TrE
[〈g`|ρˆE |e`〉]cˆ` + H.c. (42e)
where for example |e`, em〉 is the excited bath state for
subsystems ` and m. The above ME can also be straight-
forwardly expressed in diagonal, Lindblad form with
2n(n − 1) jump operators; however, the form above is
more amenable when considering mixed-state baths.
The ME in Eq. (41) has three physical mechanisms
(which are indepedent of n): (1) local coherent driving
of the systems through the effective Hamiltonians, (2)
processes involving the gain (↑) or loss (↓) of a system
excitation via local dissipators, and (3) two-excitation
processes described by superoperators S[oˆ`, oˆm]ρˆ. When
the n-qubit bath state is expressed in the local energy
basis, each matrix element contributes to one of these
three processes through the coefficients in Eq. (42) or
does not drive dynamics at all. Indicated in Fig. 5 are
the contribution of the environmental state matrix ele-
ments to each of these processes (in cyan, dark blue, and
magenta, respectively), for two- and three-qubit environ-
ments. Consider first the n = 3 bath. An important ob-
servation is the absence of antidiagonal matrix elements,
indicated by dark grey cells in Fig. 5(a), in any coeffi-
cients in Eq. (42). The fact that the antidiagonal matrix
elements do not affect the ME dynamics is indicated by
the dark grey cells in Fig. 5. Surprisingly, this implies
that preparing the environmental qubits in certain max-
imally entangled states such as the Greenberger–Horne–
Zeilinger (GHZ) state [53] in the local energy basis is
not useful for generating correlations between the sub-
systems for n > 2. Additionally, if the quantum systems
are atoms prepared in a GHZ state, their nonclassical
(a)
(⇢E)3q :
|eeei
|eegi
|egei
|eggi
|geei
|gegi
|ggei
|gggi
0BBBBBBBBBBBBBB@
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
1CCCCCCCCCCCCCCA
(b)
(⇢E)2q :
|eei
|egi
|gei
|ggi
0BBBB@
. . . .
. . . .
. . . .
. . . .
1CCCCA
<latexit sha1_base64="dlmYde8/NNEwab6iqINFE28RWr8=">AAAPYXicxVdLTxsxEF7oC7ZpA/RWLlYjEEgoyoYD0FwQVdQeqo pWDSDhKPI6zmbFPoLXaRuZ/Rn9Nb22P6Ln/pHOPkT3lTRNA2yykTPzecafZ2yP9YFleqJW+7mweO/+g4ePlpbVx6UnT8srq2snnjvklLWoa7n8TCces0yHtYQpLHY24IzYusVO9YtXgf70E+Oe6TofxWjA2jYxHLNnUiJA1FktVbHODNOR7NIhnJORr8aC6J+kvrqFuY3INs L4fHcg2qr0g+Z+pgmovtuRTX+7I3cv/ZegiNWJThOamDnd2CnCjusMbZ1xtLmJ8gPCF0xIzHj0TZhIyA1aIDdoMR7keXwILsBH8kJ8of1InsIXUlWxxXpiK0v3KvUB8pRZVhh4efS21fQlblRxw0doEyVUdESca9WUGkgN5ggy124TlV0jpBir4tlBuB8kM1LHOU/bSM3Bj dPJdBtPZqLJ2ZhOHNj4afgXplPymd5khilKcc2C/z+Dk7Mwc3RmzIYbCOrMAZolG2YO6swhnUd8psuFG4hpAdO5r555dJsyFbJMb3ftzKPblJlQeAZz0+iL7cRZDLVLcRmkh2WQVstWPPWJFc+42mZiaVNYpxQWI4UVx9+84wZuxCVHrsS6/VrjDk//OzuN7/BwvCadTA41 tw4i7Z+rgap2Viq1ai18UL6hxY2KEj/HndXF57jr0qENbKhFPC9aPOBSmNRi4HTosQGhF8D3HJoOsZnXluGQfbQBki7quRxeR6BQmuwhie15I1sHpE1E38vqAmGR7nwoevttaTqDoWAOjRz1hhYSLgquSahrckaFNYIGodyEsSLaJ5xQAZeplJfANvd6HoQIbYRDDb1RnkMJ 17W8NGFB4KLWll8iutnRi76dkwXzEBjpsh4kTRTZ1x+azXe+5Ibuy1q1vlOr7sFbz6Ci+EcgUGvwHhxkMPFWH1vS9neufwDosM/UtW0CKRHsM/651pZXsqL5mBPHCGOZhMAWJIMt08jIYb8K5YCHbNKyuZNvnNSrGgzhfb1yeBTn1ZKyrrxQthRN2VMOlTfKsdJSaOlr6Vv pe+nH01/l5fJKeS2CLi7EfZ4pqae8/htDGmvf</latexit><latexit sha1_base64="dlmYde8/NNEwab6iqINFE28RWr8=">AAAPYXicxVdLTxsxEF7oC7ZpA/RWLlYjEEgoyoYD0FwQVdQeqo pWDSDhKPI6zmbFPoLXaRuZ/Rn9Nb22P6Ln/pHOPkT3lTRNA2yykTPzecafZ2yP9YFleqJW+7mweO/+g4ePlpbVx6UnT8srq2snnjvklLWoa7n8TCces0yHtYQpLHY24IzYusVO9YtXgf70E+Oe6TofxWjA2jYxHLNnUiJA1FktVbHODNOR7NIhnJORr8aC6J+kvrqFuY3INs L4fHcg2qr0g+Z+pgmovtuRTX+7I3cv/ZegiNWJThOamDnd2CnCjusMbZ1xtLmJ8gPCF0xIzHj0TZhIyA1aIDdoMR7keXwILsBH8kJ8of1InsIXUlWxxXpiK0v3KvUB8pRZVhh4efS21fQlblRxw0doEyVUdESca9WUGkgN5ggy124TlV0jpBir4tlBuB8kM1LHOU/bSM3Bj dPJdBtPZqLJ2ZhOHNj4afgXplPymd5khilKcc2C/z+Dk7Mwc3RmzIYbCOrMAZolG2YO6swhnUd8psuFG4hpAdO5r555dJsyFbJMb3ftzKPblJlQeAZz0+iL7cRZDLVLcRmkh2WQVstWPPWJFc+42mZiaVNYpxQWI4UVx9+84wZuxCVHrsS6/VrjDk//OzuN7/BwvCadTA41 tw4i7Z+rgap2Viq1ai18UL6hxY2KEj/HndXF57jr0qENbKhFPC9aPOBSmNRi4HTosQGhF8D3HJoOsZnXluGQfbQBki7quRxeR6BQmuwhie15I1sHpE1E38vqAmGR7nwoevttaTqDoWAOjRz1hhYSLgquSahrckaFNYIGodyEsSLaJ5xQAZeplJfANvd6HoQIbYRDDb1RnkMJ 17W8NGFB4KLWll8iutnRi76dkwXzEBjpsh4kTRTZ1x+azXe+5Ibuy1q1vlOr7sFbz6Ci+EcgUGvwHhxkMPFWH1vS9neufwDosM/UtW0CKRHsM/651pZXsqL5mBPHCGOZhMAWJIMt08jIYb8K5YCHbNKyuZNvnNSrGgzhfb1yeBTn1ZKyrrxQthRN2VMOlTfKsdJSaOlr6Vv pe+nH01/l5fJKeS2CLi7EfZ4pqae8/htDGmvf</latexit><latexit sha1_base64="dlmYde8/NNEwab6iqINFE28RWr8=">AAAPYXicxVdLTxsxEF7oC7ZpA/RWLlYjEEgoyoYD0FwQVdQeqo pWDSDhKPI6zmbFPoLXaRuZ/Rn9Nb22P6Ln/pHOPkT3lTRNA2yykTPzecafZ2yP9YFleqJW+7mweO/+g4ePlpbVx6UnT8srq2snnjvklLWoa7n8TCces0yHtYQpLHY24IzYusVO9YtXgf70E+Oe6TofxWjA2jYxHLNnUiJA1FktVbHODNOR7NIhnJORr8aC6J+kvrqFuY3INs L4fHcg2qr0g+Z+pgmovtuRTX+7I3cv/ZegiNWJThOamDnd2CnCjusMbZ1xtLmJ8gPCF0xIzHj0TZhIyA1aIDdoMR7keXwILsBH8kJ8of1InsIXUlWxxXpiK0v3KvUB8pRZVhh4efS21fQlblRxw0doEyVUdESca9WUGkgN5ggy124TlV0jpBir4tlBuB8kM1LHOU/bSM3Bj dPJdBtPZqLJ2ZhOHNj4afgXplPymd5khilKcc2C/z+Dk7Mwc3RmzIYbCOrMAZolG2YO6swhnUd8psuFG4hpAdO5r555dJsyFbJMb3ftzKPblJlQeAZz0+iL7cRZDLVLcRmkh2WQVstWPPWJFc+42mZiaVNYpxQWI4UVx9+84wZuxCVHrsS6/VrjDk//OzuN7/BwvCadTA41 tw4i7Z+rgap2Viq1ai18UL6hxY2KEj/HndXF57jr0qENbKhFPC9aPOBSmNRi4HTosQGhF8D3HJoOsZnXluGQfbQBki7quRxeR6BQmuwhie15I1sHpE1E38vqAmGR7nwoevttaTqDoWAOjRz1hhYSLgquSahrckaFNYIGodyEsSLaJ5xQAZeplJfANvd6HoQIbYRDDb1RnkMJ 17W8NGFB4KLWll8iutnRi76dkwXzEBjpsh4kTRTZ1x+azXe+5Ibuy1q1vlOr7sFbz6Ci+EcgUGvwHhxkMPFWH1vS9neufwDosM/UtW0CKRHsM/651pZXsqL5mBPHCGOZhMAWJIMt08jIYb8K5YCHbNKyuZNvnNSrGgzhfb1yeBTn1ZKyrrxQthRN2VMOlTfKsdJSaOlr6Vv pe+nH01/l5fJKeS2CLi7EfZ4pqae8/htDGmvf</latexit>
FIG. 5. (Color online). Color-coded representation of the
state matrix for three- and two-qubit environments. Matrix
elements in the local energy basis contribute to different terms
in the multi-qubit ME, Eqs. (41-42). Matrix elements labeled
in cyan ( · ) contribute to the effective Hamiltonians, Hˆeff` .
Those labeled in dark blue ( · ) contribute to local dissipators,
D[oˆ]ρˆ, and those labeled in magenta ( · ) contribute to the
two-body superoperators, S[oˆ`, oˆm]ρˆ. Matrix elements labeled
in dark grey ( · ) do not contribute to the ME dynamics. Note
the similarities to Fig. 3 in Ref. [23].
quantum correlations eventually decohere, as expected
for three subsystems subject to local dissipation such
as dephasing or depolarizing channels [34]. This is in
marked contrast to two-qubit baths where the antidiag-
onal components of ρˆE that appear in Eqs. (18e-18f),
indicated by the magenta cells in Fig. 5(b), are the key
ingredient for entangling the systems. This highlights
the significance of the two-qubit X-state environments
(described by a state matrix in which only diagonal and
antidiagonal entries are nonzero) [34, 35]. Dagˇ et al. [23]
encountered a similar result—they found that antidiago-
nal coherences in n = 3 qubit baths do not contribute to
squeezing or displacement of a single cavity mode.
This behavior also extends to n-qubit baths. The anti-
diagonal matrix elements of ρˆE have the form |x〉〈x¯| where
x is a string of e and g labels and x¯ is the complement
string with e and g swapped. Then for n ≥ 3 and all
valid ` and m in Eq. (42), either the inner product is
zero or the trace over the remaining systems is zero. The
coherences in the n-qubit X-state bath that arise from
this type of more than two-body entanglement among
the qubits do not contribute to the dynamics in the ME.
As a result, such maximally entangled states do not play
any role in entangling subsystems.
Similar to Sec. III A one might ask whether or not the
presence of cross terms in the ME guarantees the gener-
ation of entanglement among the subsystems? The short
answer is no which is supported by the following counter
example. Assume that the environment is in a pure prod-
uct state |ψE〉 = |ψ`〉⊗n where |ψ`〉 = α`|g〉+ β`|e〉 with
|α`|2+|β`|2 = 1, and the system is also initially in a prod-
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uct state ρˆ =
∑n
`=1 ρˆ
⊗n
` . For this setting, the dynamics
of the joint system is governed by the following ME
˙ˆρ(t) = −i
∑
`=1
ρˆ1 ⊗ · · · ⊗ ρˆ`−1 ⊗
[
Heff` , ρˆ`
]
⊗ ρˆ`+1⊗
· · · ⊗ ρˆn +
∑
`=1
γ`
(
|α`|2D[cˆ`] + |β`|2D[cˆ†`]
)
ρˆ (43)
−
∑
`<m
√
γ`γm ρˆ1 ⊗ · · · ⊗ ρˆ`−1 ⊗
[
Heff` , ρˆ`
]
⊗
ρˆ`+1 ⊗ · · · ⊗ ρˆm−1 ⊗
[
Heffm , ρˆm
]
⊗ ρˆm+1 ⊗ · · · ⊗ ρˆn,
with effective Hamiltonians defined in Eq. (14). The
same line of discussion presented in Sec. III A holds here.
That is, the first two summations describe the indepen-
dent evolution of each subsystem, and the last one de-
scribes a classically correlated driving of the all possible
two-body configurations. The latter does not lead to en-
tanglement creation so that the system keeps its product
state structure.
This analysis suggests a way that could be used for
steady-state entanglement across all subsystems, which
could be verified by calculating an n-partite entangle-
ment witness [54–58]. Since the ME, given in Eq. (41),
has only two-body cross terms, generating entanglement
among the subsystems might be achieved by engineer-
ing a specific structure in ρˆE . It seems the presence of
pairwise entanglement in a particular form in the bath
qubits is sufficient to make sure that the coefficients in
Eqs. (42c) and (42d) are nonzero. It remains an open
question whether such an environment with pair-wise en-
tanglement would enable entangling dynamics in the ME,
or perhaps more generally a sequence of entangled envi-
ronments operating for consecutive periods of time. In
addition, the cost of engineering such an environment
would be an important factor.
Although the absence of coupling from anti-diagonal
coherences in ρˆE may appear puzzling, some of the ob-
served structure will be due to the weak-coupling approx-
imation that underpins the master equation derivation.
Recall that the joint state of the systems is updated by a
dynamical map, Eq. (5), that results from tracing out the
bath after unitary evolution over a small interaction time
∆t. In the weak coupling regime the expansion of the uni-
tary operator, Eq. (6b), is truncated at the second-order
term in ∆t. This limits the influence of bath correlations
in the ME to two-body terms. If one were to keep terms
up to ∆t3 or beyond, these coherences would play a part
in the dynamical map. This could arise when the cou-
pling time between each successive qubit and its corre-
sponding subsystem is large enough that weak coupling
criterion, λi∆t  1, is not entirely valid and requires
perturbative corrections.
VII. CONCLUSION
Within the repeated quantum interaction formalism we
have derived master equations for open quantum systems
evolving under irreversible entangled quantum channels.
The environment is composed of a chain of identical
entangled two-level systems which sequentially interact
weakly with their corresponding subsystems and are then
discarded. In the limit of a continuous stream of envi-
ronmental qubits, the joint system evolves according to
a Markovian ME with local effective Hamiltonians and
nonlocal dissipative processes with jump operators that
are combinations of creation and destruction operators
across the subsystems. This description applies generally
to a qubit bath in a mixed state, for which we provide an
alternate, nondiagonal form of the ME that can be easier
to work with.
A pedagogical study of a two-qubit bath coupled to a
pair of two-level subsystems led to several conclusions.
First, we find that the presence of antidiagonal coher-
ences in the bath is a necessary but insufficient condition
for steady-state entanglement of the subsystems, when
the bath state is expressed in a basis of local eigenstates.
For instance, the bath can be prepared in a product state
with each qubit in a superposition of |g〉 and |e〉. While
coherences exist, the stationary state of the system is not
entangled. Second, maximally entangled bath states do
not give rise to unique steady states while even slight
deviations from these “exceptional” bath states do.
For the general case of entangled n-qubit baths, the
ME contains at most two-body terms in the jump oper-
ators. A surprising consequence is that particular maxi-
mally entangled n-qubit baths (for n > 2) do not affect
subsystem entanglement. That is, when expressed in the
local energy basis antidiagonal coherences in the bath
state do not couple to the system. An implication is
that X-state baths drive the same dynamics as diagonal
state baths such as a thermal bath. This is in contrast
to the two-qubit environments where the existence of an-
tidiagonal coherences are essential to the generation of
entanglement between the systems.
This work opens several avenues for future research.
Extending the methods of Gross et al. [26], the formalism
presented here offers a way to model multimode Gaus-
sian bosonic baths such as two-mode squeezed electro-
magnetic environments. Thermal and other mixed-state
baths can be directly modeled by tracing over a part of
a pure multi-qubit entangled bath. Moreover, it is possi-
ble to proceed beyond Gaussian baths by perturbatively
extending the weak coupling limit with the inclusion of
higher order terms, O[(λ∆t)k], in the interaction Hamil-
tonian.
Environment-assisted entangling protocols based on
engineered qubit environments that include only pairwise
entanglement across all qubits could be used to create
useful multipartite entanglement among all systems (gen-
erating cluster states, for example). This might be useful
specially when entangling multipartite system is practi-
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cally challenging. Several extensions to the bath itself
could be studied. The bath qubits could be replaced
by d-dimensional quantum systems, or qudits, yielding
a richer structure to the environment, and simultaneous
spatial entanglement between qubits across channels and
entanglement-in-time between progressive qubits in a sin-
gle channel such that the evolution is inherently nonlocal
and non-Markovian [22, 30, 40].
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Appendix A: Master equation derivation for a two-qubit environment
Inserting the unitary interaction, Uˆ
(l)
I , from Eq. (6b) into the dynamical map in Eq. (5) and keeping terms to second
order in ∆t, the following expression is obtained [22, 23, 25],
ρˆ(tl+1) = TrE
(
ρˆ(tl)⊗ ρˆE − i∆t
[
Hˆ
(l)
I , ρˆ(tl)⊗ ρˆE
]
+ ∆t2 Hˆ
(l)
I ρˆ(tl)⊗ ρˆEHˆ(l)I −
∆t2
2
{
(Hˆ
(l)
I )
2, ρˆ(tl)⊗ ρˆE
}
+
)
,(A.1)
where {Aˆ, Bˆ} denotes an anticommutator. We will explicitly take the environmental trace for each term in the
expansion with respect to the environment, ρˆE = |ψE〉〈ψE |, where |ψE〉 is the two-qubit state given in Eq. (7). The
first term is simply just the system state ρˆ(tl). The commutator term proportional to ∆t becomes
TrE
(
Tr
[
Hˆ
(l)
I , ρˆ(tl)⊗ ρˆE
])
=
[
λ1cˆ1
(
bggb
∗
eg + bgeb
∗
ee
)
+ λ2cˆ2
(
begb
∗
ee + bggb
∗
ge
)
+ H.c., ρˆ(tl)
]
. (A.2)
Now we turn our attention to the second-order terms, proportional to ∆t2. The first term in the second line becomes
TrE
(
Hˆ
(l)
I ρˆ(tl)⊗ ρˆEHˆ(l)I
)
= λ21
{(
|bge|2 + |bgg|2
)
cˆ1ρˆ(tl)cˆ
†
1 +
(
|bee|2 + |beg|2
)
cˆ†1ρˆ(tl)cˆ1
}
+λ22
{(
|beg|2 + |bgg|2
)
cˆ2ρˆ(tl)cˆ
†
2 +
(
|bee|2 + |bge|2
)
cˆ†2ρˆ(tl)cˆ2
}
(A.3)
+λ1λ2
{
bggb
∗
ee cˆ1ρˆ(tl)cˆ2 + bgeb
∗
eg cˆ1ρˆ(tl)cˆ
†
2 + beeb
∗
gg cˆ
†
1ρˆ(tl)cˆ
†
2 + begb
∗
ge cˆ
†
1ρˆ(tl)cˆ2 + H.c.
}
.
And the remaining anti-commutator term becomes
TrE
[{
(Hˆ
(l)
I )
2,ρˆ(tl)⊗ ρˆE
}
+
]
= λ21
{(
|bee|2 + |beg|2
){
ρˆ(tl), cˆ1cˆ
†
1
}
+
+
(
|bge|2 + |bgg|2
){
ρˆ(tl), cˆ
†
1cˆ1
}
+
}
+λ22
{(
|bee|2 + |bge|2
){
ρˆ(tl), cˆ2cˆ
†
2
}
+
+
(
|beg|2 + |bgg|2
){
ρˆ(tl), cˆ
†
2cˆ2
}
+
}
(A.4)
+2λ1λ2
{
bggb
∗
ee
{
ρˆ(tl), cˆ1cˆ2
}
+
+ bgeb
∗
eg
{
ρˆ(tl), cˆ1cˆ
†
2
}
+
+ beeb
∗
gg
{
ρˆ(tl), cˆ
†
1cˆ
†
2
}
+
+ begb
∗
ge
{
ρˆ(tl), cˆ
†
1cˆ2
}
+
}
.
Now collecting these terms and assuming that the time interval ∆t = tl+1− tl is small enough to make the following
approximation
˙ˆρ(t) ≡ lim
∆t→0
ρˆ(tl+1)− ρˆ(tl)
tl+1 − tl ,
we can construct the ME given by Eq. (9).
Appendix B: Gaussian evolution
Here we briefly review the description of multimode
Gaussian bosonic states and their open systems evolu-
tion. Consider a system composed of N bosonic modes.
We work in the basis of Hermitian position and mo-
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mentum operators for each mode, qˆ = 1√
2
(aˆ + aˆ†) and
pˆ = 1
i
√
2
(aˆ − aˆ†), and the canonical commutation rela-
tions are [qˆ`, pˆm] = δ`m. Noting the commutation rela-
tion for vectors of operators, [rˆ, sˆ>] = rˆsˆ>−(sˆrˆ>)> where
> denotes matrix transpose, we define a column vector of
stacked position and momentum operators, xˆ := (qˆ pˆ)>.
Then, the canonical commutation relations can be suc-
cinctly stated as [
xˆ, xˆ>
]
= iΩ, (B.1)
where the matrix Ω is called the symplectic form and has
the following representation in the qp-basis:
Ω =
(
0 I
−I 0
)
, (B.2)
with I being the N ×N identity matrix.
A Gaussian quantum state of N bosonic modes is en-
tirely described by a vector of means ~x := 〈xˆ〉 and a
symmetrized covariance matrix Σ with elements Σij =
1
2 〈xˆixˆj + xˆj xˆi〉. The covariance matrix for the vacuum
state is Σ0 =
1
2I. The squeezing operator in Eq. (24) was
defined with respect to its Schro¨dinger-picture action; to
find the covariance matrix we need its Heisenberg-picture
action. Using Sˆ†(r, ϑ) = Sˆ(r, ϑ+ pi), the covariance ma-
trix for a two-mode squeezed state can be found from its
associated symplectic matrix [48],
Σ(r) =
1
2
 cosh(2r) − sinh(2r) 0 0− sinh(2r) cosh(2r) 0 00 0 cosh(2r) sinh(2r)
0 0 sinh(2r) cosh(2r)
 ,
(B.3)
where we set ϑ = 0 for simplicity.
Gaussianity of a quantum state is preserved under
evolution generated by a Hamiltonians quadratic in the
mode operators and jump operators that are linear in
the mode operators—the master equation in Eq. (9) is
one such example. Given a Lindblad master equation
with M jump operators that governs the evolution of a
multimode bosonic state,
˙ˆρ = −i[Hˆ, ρˆ] +
M∑
m=1
D[Lˆm]ρˆ, (B.4)
we may translate this into an evolution for the means
and the covariance matrix without loss of information if
Gaussianity is preserved. The Gaussian-preserving con-
ditions require that the Hamiltonian can be written as
Hˆ = 12 xˆ
>Gxˆ, (B.5)
expressed in terms of the symmetric, real matrix G ∈
R2N×2N , and each jump operator has the form
Lˆm =
√
γm
N∑
`=1
(
Qm`qˆ` + Pm`pˆ`
)
, (B.6)
where γm is the associated dissipation rate. Collecting
the Qm` and Pm` coefficients into the matrices Q and P,
the vector of M jump operators is
Lˆ = Cxˆ, (B.7)
with C := (Q P) ∈ CM×2N . The means and covariance
matrix obey the following equations of motion [60]:
~˙x =A~x, (B.8)
Σ˙ =AΣ + ΣA> + B, (B.9)
with matrices
A = Ω
(
G + Im[CHC]
)
, (B.10)
B = ΩRe[CHC] Ω>, (B.11)
where H indicates matrix conjugate transpose (to distin-
guish it from the Hermitian adjoint † of an operator).
For the two-mode ME in Sec. IV G = 0 and the jump
operators are given by Eq. (22). Setting ϑ = 0 the ma-
trices in the covariance matrix evolution, Eq. (B.9), are
A = Γ2 I and B = ΓΣ(r).
The Uhlmann-Jozsa fidelity
F(ρˆ, %ˆ) =
[
tr
(√√
ρˆ%ˆ
√
ρˆ
)]2
(B.12)
is a measure of the closeness of the quantum states ρˆ
and %ˆ. When both states are Gaussian at least one is
pure, the fidelity can be calculated directly from their
respective covariances matrices, Σρ and Σ%,
F(ρˆ, %ˆ) = [det (Σρ + Σ%)]−1/2 (B.13)
where det(A) is the determinant of the matrix A [61].
In Sec. IV the two-mode squeezed state is pure with a
covariance matrix given by Eq. (B.3).
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